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A NOTE ON THE MEAN VALUE OF L–FUNCTIONS IN FUNCTION
FIELDS.
JULIO C. ANDRADE
Abstract. An asymptotic formula for the sum
∑
L(1, χ) is established for a family of
hyperelliptic curves of genus g over a fixed finite field Fq as g → ∞ making use of the
analogue of the approximate functional equation for such L–functions. As a corollary, we
obtain a formula for the average of the class number of the associated rings Fq[T,
√
D].
1. Introduction
In his Disquisitiones Arithmeticae [5], Gauss presented two conjectures concerning the
average values of the class number associated with binary quadratic forms ax2 + 2bxy + cy2
where a, b, c ∈ Z. For completeness, clarity and to put our problem in the right context we
will restate the Gauss’s conjectures.
Let D = 4(b2−ac) be the discriminant of the quadratic form ax2+2bxy+cy with D ≡ 0, 1
(mod 4). Recall that two quadratic forms are equivalent if is possible to transform the first
form into the second through an invertible integral linear change of variables. So we have
defined an equivalence relation on the set of quadratic forms and the equivalence classes will
be called classes of quadratic forms. Gauss showed that the number of equivalence classes
of quadratic forms with discriminant D is finite. Let hD denote this number, we also call hD
the class number. We now present Gauss’s conjectures quoted from [6]
Conjecture 1 (Gauss). Let hD be the class number defined as above. So,
(1) Let D = −4k run over all negative discriminants with k ≤ N . Then
(1.1)
∑
1≤k≤N
hD ∼ 4pi
21ζ(3)
N
3
2 .
(2) Let D = 4k run over all positive discriminants such that k ≤ N . Then
(1.2)
∑
1≤k≤N
hDRD ∼ 4pi
2
21ζ(3)
N
3
2 .
Where the number RD is associated to the regulator of the real quadratic number field
Q(
√
D).
The first conjecture (1.1) was proved by Lipschitz [8] and the second (1.2) by Siegel [11].
We now will move to the function field analogue of these results and for this let us now define
some notation that will be used in the rest of this paper. For more details see [6, 9].
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1.1. Facts about Fq[T ]. The norm of the polynomial f ∈ Fq[T ] is defined to be |f | = qdeg(f),
and we define the zeta function associated to A = Fq[T ] by
(1.3) ζA(s) =
∑
f∈A
f monic
1
|f |s , (R(s) > 1)
and is easy to show that
(1.4) ζA(s) =
1
1− q1−s .
We also define the analogue of the Mo¨bius function for A = Fq[T ] as follows:
(1.5) µ(f) =
{
(−1)t, f = αP1P2 . . . Pt,
0, otherwise,
where each Pj is a distinct monic irreducible polynomial. And the Euler totient function for
A, denoted by Φ(f), is defined to be the number of non–zero polynomials of degree less than
deg(f) and relatively prime to f .
We will assume from now that q ≡ 1 (mod 4) and let Fq be a finite field with q elements.
We denote by A = Fq[T ] the polynomial ring over Fq and by k = Fq(T ) the rational function
field over Fq. Let K/k be a quadratic extension and call OK the integral closure of A in K.
Consider that D ∈ A is a square–free polynomial and put OK as OD = A[
√
D]. So in this
case, OD is a Dedekind domain and the associated class number hD is equal to |Pic(OD)|,
where Pic(OD) is the Picard group of OD. For a detailed explanation about the Picard group
in this context see [9, pg. 315].
Let D ∈ A be a monic and square–free polynomial. We can define the quadratic character
χD using the quadratic residue symbol for Fq[T ] by
(1.6) χD(f) =
(
D
f
)
,
and the associated L–function by
(1.7) L(s, χD) =
∑
f∈A
f monic
χD(f)
|f |s .
Now, using [9, Proposition 4.3] we have L(s, χD) is a polynomial in u = q
−s of degree at
most deg(D)− 1.
Hoffstein and Rosen [5] succeeded in calculating the average value of the class number hD
when the average is taken over all monic polynomials D of a fixed degree, they showed that:
Theorem 1 (Hoffstein and Rosen). Let M be odd and positive. Then,
(1.8)
1
qM
∑
D monic
deg(D)=M
hD =
ζA(2)
ζA(3)
q
M−1
2 − q−1.
The theorem above can be seen as the function field analogue of the Gauss’s conjectures.
A problem which is more difficult and we consider in this paper is to average the class
number over fundamental discriminants, i.e., D monic and square–free. We should note
that the calculations presented in this paper follows the same philosophy of the calculations
firstly presented by Faifman, Kurlberg and Rudnick in [4, 7, 10], where we fix the number of
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elements of the finite field and compute the limit as deg(D)→∞ to obtain our asymptotic
formulas.
2. Statement of Results
The main objective of this paper is to establish an asymptotic formula for
(2.1)
1
#H2g+1,q
∑
D∈H2g+1,q
hD,
as deg(D)→∞. Where hD is the associated class number and H2g+1,q denotes the following
set,
(2.2) H2g+1,q = {D monic, deg(D) = 2g + 1, D square free, D ∈ A}.
The number of elements in H2g+1,q is given by,
(2.3) #H2g+1,q = (q − 1)q2g
as can be seen using [9, Proposition 2.3].
2.1. The Geometric Viewpoint. As we said earlier, the class numbers hD is equal to
the |Pic(OD)|, where Pic(OD) is the Picard group of OD. But we should also note that if
D ∈ H2g+1,q, then the equation y2 = D(T ) defines a hyperelliptic curve CD over Fq of genus
g and the number hD is closely related to the set of the Fq–rational points on its Jacobian,
Jac(CD), and so our result also has a geometric appeal. We will now develop this geometric
side and then state our results.
The zeta function of the curve CD over Fq is a rational function as shown by Weil [12],
(2.4) ZCD(u) =
PCD(u)
(1− u)(1− qu) ,
where PCD(u) is a polynomial of degree 2g with coefficients in Z. Making use of [9, Proposi-
tion 14.6 and Proposition 17.7], we can show that the zeta function of the curve CD is given
by
(2.5) ZCD(u) =
L(u, χD)
(1− u)(1− qu) ,
where L(u, χD) = L(s, χD) is the L-function associated with the quadratic character as given
in (1.7). We have L(u, χD) satisfies the following functional equation
(2.6) L(u, χD) = (qu2)gL
(
1
qu
, χD
)
,
as can be seen from [9, Theorem 5.9]. This allows us to state and prove a lemma which will
be the starting point of the main calculations of this paper.
Lemma 1. If D ∈ H2g+1,q we have that L(s, χD) can be expressed as follows
(2.7) L(s, χD) =
∑
f1 monic
deg(f1)≤g
χD(f1)
|f1|s + (q
1−2s)g
∑
f2 monic
deg(f2)≤g−1
χD(f2)
|f2|1−s .
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Proof. Using the ideas presented by Conrey et.al. in [3] we substitute L(u, χD) =
∑2g
n=0 anu
n
into the functional equation (2.6)
2g∑
n=0
anu
n = qgu2g
2g∑
m=0
am
(
1
qu
)m
=
2g∑
m=0
amq
g−mu2g−m =
2g∑
k=0
a2g−kq
k−guk.
Therefore,
2g∑
n=0
anu
n =
2g∑
k=0
a2g−kq
k−guk.
Equating coefficients we have that
an = a2g−nq
n−g or a2g−n = anq
g−n
and so we can write the polynomial L(u, χD) as
2g∑
n=0
anu
n =
g∑
n=0
anu
n +
g−1∑
m=0
a2g−mu
2g−m
=
g∑
n=0
anu
n + qgu2g
g−1∑
m=0
amq
−mu−m.(2.8)
Writing an =
∑
f monic
deg(f)=n
χD(f) and u = q
−1/2 in (2.8) proves the lemma. 
With this in mind we are ready to state our main results.
Theorem 2. Let Fq be a fixed finite field with q ≡ 1 (mod 4). Then∑
D∈H2g+1,q
L(1, χD) = |D|
{
P (2)− P (1)
(
1
q[g/2]+1
+
1
ζA(2)2qg[(g−1)/2]
)}
+ O((2q)g),(2.9)
where |D| = q2g+1 and
(2.10) P (s) =
∏
P monic
irreducible
(
1− 1
(|P |+ 1)|P |s
)
.
As a corollary of the Theorem 2 we have,
Corollary 1.
(2.11)
1
#H2g+1,q
∑
D∈H2g+1,q
L(1, χD) ∼ ζA(2)P (2)
as deg(D)→∞, i.e., g →∞.
Proof. Using the Theorem 2 together with (2.3) and computing the limit as g →∞ we can
conclude the asymptotic formula above. 
To obtain a formula for the average of the class number hD we will make use of the
following theorem due Artin [2].
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Theorem 3 (Artin). Let D ∈ A be a square–free polynomial of degree M . Then if M is odd
we have,
(2.12) L(1, χD) =
√
q√
|D|hD.
We now have all the ingredients to obtain an asymptotic formula for the average of the
class number hD.
Theorem 4. Under the same hypothesis as in Theorem 2 we have,
(2.13)
1
#H2g+1,q
∑
D∈H2g+1,q
hD ∼
√|D|√
q
ζA(2)P (2),
as deg(D)→∞.
Proof. Straightforward by making use of the Corollary 1 and Theorem 3. 
3. Preliminary Lemmas
We will require some auxiliary lemmas. Firstly, we will begin by stating a result due to
Faifman and Rudnick [4].
Lemma 2 (Faifman–Rudnick). Let χ be a nontrivial Dirichlet character modulo D. Then
for n < deg(D),
(3.1)
∣∣∣∣∣
∑
B monic
deg(B)=n
χ(B)
∣∣∣∣∣ ≤
(
deg(D)− 1
n
)
qn/2.
We now prove a bound for non–trivial character sums using the Lemma 2, which is a
consequence of the Riemann Hypothesis for function fields.
Lemma 3. We have that,
(1)
(3.2)
∑
D∈H2g+1,q
g∑
n=0
q−n
∑
f monic
deg(f)=n
f 6=
χD(f)≪ (2q)g.
(2)
(3.3) q−g
∑
D∈H2g+1,q
g−1∑
m=0
∑
f monic
deg(f)=m
f 6=
χD(f)≪ (2q)g.
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Proof. We will establish the Part (1) of this Lemma. For Part (2) we have that the proof is
analogous. We start with
(3.4)
∑
D∈H2g+1,q
g∑
n=0
q−n
∑
f monic
deg(f)=m
f 6=
χD(f)
=
g∑
n=0
q−n
∑
f monic
deg(f)=n
f 6=
∑
D monic
deg(D)=2g+1
∑
A monic
A2|D
µ(A)
(
D
f
)
=
g∑
n=0
q−n
∑
f monic
deg(f)=n
f 6=
∑
A monic
deg(A)≤g
µ(A)
(
A
f
)2 ∑
B monic
deg(B)=2g+1−2deg(A)
(
B
f
)
.
Now we note that (B/f) is a nontrivial character since f 6= . So we can invoke the Lemma
2 to get the following bound
(3.5)
∣∣∣∣∣
∑
B monic
deg(B)=2g+1−2deg(A)
(
B
f
) ∣∣∣∣∣ ≤
(
deg(f)− 1
2g + 1− 2deg(A)
)
qg+
1
2
−deg(A)
if 2g + 1− 2deg(A) < deg(f), and the sum is zero otherwise. So we have,
∑
D∈H2g+1,q
g∑
n=0
q−n
∑
f monic
deg(f)=n
f 6=
χD(f)
≤
g∑
n=0
q−n
∑
f monic
deg(f)=n
f 6=
∑
A monic
deg(A)≤g
µ(A)
∣∣∣∣∣
∑
B monic
deg(B)=2g+1−2deg(A)
(
B
f
) ∣∣∣∣∣
≤
g∑
n=0
q−n
∑
f monic
deg(f)=n
f 6=
g∑
j=g+
1
2
−
deg(f)
2
∑
A monic
deg(A)=j
(
deg(f)− 1
2g + 1− 2deg(A)
)
qg+
1
2
−deg(A)
≪ qg
g∑
n=0
q−n
∑
f monic
deg(f)=n
g∑
j=g+
1
2
−
deg(f)
2
(
deg(f)− 1
2g + 1− 2j
)
≪ qg
g∑
n=0
q−n
∑
f monic
deg(f)=n
2deg(f)−1 = qg
g∑
n=0
2n ≪ qg2g.

We now state and prove our next two lemmas.
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Lemma 4. For |D| = q2g+1 we have,
(3.6) |D|
∑
d monic
deg(d)>[g/2]
µ(d)
|d|2
∏
P monic
irreducible
P |d
1
|P |+ 1 ≪ q
g.
Proof.
|D|
∑
d monic
deg(d)>[g/2]
µ(d)
|d|2
∏
P |d
1
|P |+ 1 ≤ |D|
∑
d monic
deg(d)>[g/2]
1
|d|2
∏
P |d
1
|P |
= |D|
∑
h>[g/2]
q−2h ≪ |D|q−g
≪ qg.

Lemma 5. We have,
(3.7)
|D|
ζA(2)
∑
d monic
deg(d)≤[g/2]
µ(d)
|d|
∏
P |d
1
|P |+ 1
(
q−deg(d)
1− q−1
)
= |D|
∏
P monic
irreducible
(
1− 1
(|P |+ 1)|P |2
)
+O(qg).
Proof.
(3.8)
|D|
ζA(2)
∑
d monic
deg(d)≤[g/2]
µ(d)
|d|
∏
P |d
1
|P |+ 1
(
q−deg(d)
1− q−1
)
= |D|
∑
d monic
µ(d)
|d|2
∏
P |d
1
|P |+ 1 − |D|
∑
d monic
deg(d)>[g/2]
µ(d)
|d|2
∏
P |d
1
|P |+ 1 .
Writing the sum over all monic polynomials d as an Euler product and using the Lemma 4
in the sum over d such that deg(d) > [g/2] we obtain the desired lemma.

Using the same ideas used in the proof of Lemmas 4 and 5 we can also prove the following
lemmas.
Lemma 6. We have,
(1)
(3.9) |D|
∑
d monic
deg(d)>[g/2]
µ(d)
|d|
∏
P |d
1
|P |+ 1 ≪ q
g.
(2)
(3.10)
|D|q−gq[(g−1)/2]+1
ζA(2)(1− q)
∑
d monic
deg(d)>[(g−1)/2]
µ(d)
|d|
∏
P |d
1
|P |+ 1 ≪ q
g.
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Lemma 7. We have,
(1)
(3.11)
|D|
ζA(2)
∑
d monic
deg(d)≤[g/2]
µ(d)
|d|
∏
P |d
1
|P |+ 1
(
q−[g/2]−1
1− q−1
)
= |D|q−[g/2]−1
∏
P monic
irreducible
(
1− 1|P |(|P |+ 1)
)
+O(qg).
(2)
(3.12)
|D|q−g
ζA(2)
∑
d monic
deg(d)≤[(g−1)/2]
µ(d)
|d|
∏
P |d
1
|P |+ 1
(
q[(g−1)/2]+1
1− q
)
=
|D|q−gq[(g−1)/2]+1
ζA(2)(1− q)
∏
P monic
irreducible
(
1− 1|P |(|P |+ 1)
)
+O(qg).
We present now our last lemma,
Lemma 8. We have,
(3.13)
|D|q−g
ζA(2)(1− q)
∑
d monic
deg(d)≤[(g−1)/2]
µ(d)
∏
P |d
1
|P |+ 1 ≪ gq
g.
Proof. We have that,
|D|q−g
ζA(2)(1− q)
∑
d monic
deg(d)≤[(g−1)/2]
µ(d)
∏
P |d
1
|P |+ 1 ≪ |D|q
−g
∑
d monic
deg(d)≤[(g−1)/2]
1
|d|
≪ |D|q−g([(g − 1)/2] + 1)
≪ gqg.

4. The Main–Term
The main result of this section is the following proposition, which will be used to establish
the Main-Term of Theorem 2.
Proposition 1.
(4.1)
∑
D∈H2g+1,q
(D,l)=1
1 =
|D|
ζA(2)
∏
P |l(1 + |P |−1)
+O
(√
|D|Φ(l)|l|
)
,
We will need the following lemmas:
Lemma 9. Let Vd = {D ∈ Fq[x] : D monic, deg(D) = d}. Then,
(4.2) #{D ∈ Vd : (D, l) = 1} = qdΦ(l)|l| .
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Proof.
#{D ∈ Vd : (D, l) = 1} =
∑
D monic
deg(D)=d
(D,l)=1
1 =
∑
D monic
deg(D)=d
∑
h|(D,l)
µ(h)
=
∑
h|l
µ(h)
∑
D monic
deg(D)=d
h|D
1 =
∑
h|l
µ(h)
∑
m monic
deg(m)=d−degh
1
= qd
∏
P
P |l
(
1− 1|P |
)
= qd
Φ(l)
|l|(4.3)
where we used [9, Proposition 2.4] in (4.3). 
Lemma 10. We have,
(4.4)
∑
Q monic
deg(Q)> 2g+1
2
(Q,l)=1
µ(Q)
|Q|2 ≪ q
−1/2q−g.
Proof.
∑
Q monic
deg(Q)> 2g+1
2
(Q,l)=1
µ(Q)
|Q|2 ≤
∑
Q monic
deg(Q)> 2g+1
2
(Q,l)=1
1
|Q|2
=
∑
n> 2g+1
2
1
qn
≪ q−1/2q−g.(4.5)

Lemma 11. We have that,
(4.6)
∑
Q monic
deg(Q)≤ 2g+1
2
(Q,l)=1
µ(Q)
|Q|2 =
1
ζA(2)
1∏
P |l(1− 1/|P |2)
+O(q−1/2q−g).
Proof.
∑
Q monic
deg(Q)≤ 2g+1
2
(Q,l)=1
µ(Q)
|Q|2 =
∑
Q monic
(Q,l)=1
µ(Q)
|Q|2 −
∑
Q monic
deg(Q)> 2g+1
2
(Q,l)=1
µ(Q)
|Q|2
=
∏
P ∤l
(
1− 1|P |2
)
−
∑
Q monic
deg(Q)> 2g+1
2
(Q,l)=1
µ(Q)
|Q|2 ,(4.7)
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and ∏
P ∤l
(
1− 1|P |2
)
=
∏
P
(
1− 1|P |2
)∏
P |l
(
1− 1|P |2
)−1
=
1
ζA(2)
1∏
P |l(1− 1/|P |2)
.(4.8)
Thus,
(4.9)
∑
Q monic
deg(Q)≤ 2g+1
2
(Q,l)=1
µ(Q)
|Q|2 =
1
ζA(2)
1∏
P |l(1− 1/|P |2)
−
∑
Q monic
deg(Q)> 2g+1
2
(Q,l)=1
µ(Q)
|Q|2 ,
and using the estimate of Lemma 10 proves the result. 
Proof of Proposition 1. We have that∑
D∈H2g+1,q
(D,l)=1
1 =
∑
D∈V2g+1
(D,l)=1
∑
Q2|D
µ(Q) =
∑
Q monic
deg(Q)≤ 2g+1
2
(Q,l)=1
µ(Q)
∑
D∈V2g+1−2deg(Q)
(D,l)=1
1
=
∑
Q monic
deg(Q)≤ 2g+1
2
(Q,l)=1
µ(Q)#{D ∈ V2g+1−2deg(Q) : (D, l) = 1}.(4.10)
By Lemma 9, we have, ∑
D∈H2g+1,q
(D,l)=1
1 =
∑
Q monic
deg(Q)≤ 2g+1
2
(Q,l)=1
µ(Q)q2g+1−2deg(Q)
Φ(l)
|l|
= |D|Φ(l)|l|
∑
Q monic
deg(Q)≤ 2g+1
2
(Q,l)=1
µ(Q)
|Q|2 .(4.11)
Invoking Lemma 11 we obtain,
∑
D∈H2g+1,q
(D,l)=1
1 = |D|Φ(l)|l|
(
1
ζA(2)
1∏
P |l(1− 1/|P |2)
+O(q−1/2q−g)
)
= |D|Φ(l)|l|
1
ζA(2)
1∏
P |l(1− 1/|P |2)
+O
(
|D|Φ(l)|l| q
−1/2q−g
)
,(4.12)
and using
Φ(l)
|l| =
∏
P |l
(1− |P |−1), we end up with
(4.13)
∑
D∈H2g+1,q
(D,l)=1
1 =
|D|
ζA(2)
∏
P |l(1 + |P |−1)
+O
(√
|D|Φ(l)|l|
)
,
which proves Proposition 1. 
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5. Proof of the Theorem 2
Our argument in this section follows closely [1]. From (2.7), our main goal is to obtain an
asymptotic formula for
(5.1)
∑
D∈H2g+1,q
L(1, χD)
=
∑
D∈H2g+1,q
g∑
n=0
∑
f monic
deg(f)=n
χD(f)q
−n + q−g
∑
D∈H2g+1,q
g−1∑
m=0
∑
f monic
deg(f)=m
χD(f).
We begin by establishing an asymptotic formula for the first term in the right–hand side
of (5.1).
(5.2)
∑
D∈H2g+1,q
g∑
n=0
∑
f monic
deg(f)=n
χD(f)q
−n
=
g∑
n=0
q−n
∑
D∈H2g+1,q
∑
f monic
deg(f)=n
f=l2
χD(f) +
g∑
n=0
q−n
∑
D∈H2g+1,q
∑
f monic
deg(f)=n
f 6=
χD(f)
Making use of the first part of Lemma 3 we can write (5.2) as
(5.3)
∑
D∈H2g+1,q
g∑
n=0
∑
f monic
deg(f)=n
χD(f)q
−n =
g∑
n=0
q−n
∑
D∈H2g+1,q
∑
f monic
deg(f)=n
f=l2
χD(f) +O((2q)
g).
For the square terms f = l2 we make use of Proposition 1 and we end with
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(5.4)
g∑
n=0
q−n
∑
D∈H2g+1,q
∑
f monic
deg(f)=n
f=l2
χD(f)
=
|D|
ζA(2)
[g/2]∑
m=0
q−m
∑
d monic
deg(d)≤m
µ(d)
|d|
∏
P |d
1
|P |+ 1 +O(q
g/2)
=
|D|
ζA(2)
∑
d monic
deg(d)≤[g/2]
µ(d)
|d|
∏
P |d
1
|P |+ 1
(
(q−1)deg(d) − (q−1)[g/2]+1
1− q−1
)
+O(qg/2)
=
|D|
ζA(2)
∑
d monic
deg(d)≤[g/2]
µ(d)
|d|
∏
P |d
1
|P |+ 1
(
q−deg(d)
1− q−1
)
− |D|
ζA(2)
∑
d monic
deg(d)≤[g/2]
µ(d)
|d|
∏
P |d
1
|P |+ 1
(
q−[g/2]+1
1− q−1
)
+O(qg/2).
Now for the first term of (5.4) we can use Lemma 5 and for the second term we can use
Lemma 7 and so we end up with the following formula for the square terms,
(5.5)
g∑
n=0
q−n
∑
D∈H2g+1,q
∑
f monic
deg(f)=n
f=l2
χD(f) = |D|
∏
P monic
irreducible
(
1− 1|P |2(|P |+ 1)
)
− |D|q−[g/2]−1
∏
P monic
irreducible
(
1− 1|P |(|P |+ 1)
)
+O(qg).
Substituting (5.5) in (5.3) we have that,
(5.6)
∑
D∈H2g+1,q
g∑
n=0
∑
f monic
deg(f)=n
χD(f)q
−n = |D|
∏
P monic
irreducible
(
1− 1|P |2(|P |+ 1)
)
− |D|q−[g/2]−1
∏
P monic
irreducible
(
1− 1|P |(|P |+ 1)
)
+O((2q)g).
For the second term in the right–hand side of (5.1) we mimic the calculations above to
end with,
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(5.7) q−g
∑
D∈H2g+1,q
g−1∑
m=0
∑
f monic
deg(f)=m
χD(f)
=
|D|q−g
ζA(2)
∑
d monic
deg(d)≤[(g−1)/2]
µ(d)
|d|
∏
P |d
1
|P |+ 1
∑
deg(d)≤n≤[(g−1)/2]
qn
+O(q[(g−1)/2]) +O((2q)g)
=
|D|q−g
ζA(2)
∑
d monic
deg(d)≤[(g−1)/2]
µ(d)
|d|
∏
P |d
1
|P |+ 1
(
qdeg(d)
1− q
)
− |D|q
−g
ζA(2)
∑
d monic
deg(d)≤[(g−1)/2]
µ(d)
|d|
∏
P |d
1
|P |+ 1
(
q[(g−1)/2]+1
1− q
)
+O((2q)g),
where the error O((2q)g) arises when we consider f 6=  and using part 2 of Lemma 3.
For the first term in (5.7) we use the bound given in Lemma 8 and for the second term
we have,
(5.8)
|D|q−g
ζA(2)
∑
d monic
deg(d)≤[(g−1)/2]
µ(d)
|d|
∏
P |d
1
|P |+ 1
(
q[(g−1)/2]+1
1− q
)
=
|D|q−g
ζA(2)

 ∑
d monic
µ(d)
|d|
∏
P |d
1
|P |+ 1
(
q[(g−1)/2]+1
1− q
)
− |D|q
−g
ζA(2)

 ∑
d monic
deg(d)>[(g−1)/2]
µ(d)
|d|
∏
P |d
1
|P |+ 1
(
q[(g−1)/2]+1
1− q
) .
And we can use part 2 of the Lemma 7, and so we have that,
(5.9)
|D|q−g
ζA(2)
∑
d monic
deg(d)≤[(g−1)/2]
µ(d)
|d|
∏
P |d
1
|P |+ 1
(
q[(g−1)/2]+1
1− q
)
=
|D|q−gq[(g−1)/2]+1
ζA(2)(1− q)
∏
P monic
irreducible
(
1− 1|P |(|P |+ 1)
)
+O((2q)g).
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So we can conclude that,
(5.10) q−g
∑
D∈H2g+1,q
g−1∑
m=0
∑
f monic
deg(f)=m
χD(f) =
− |D|q
−gq[(g−1)/2]+1
ζA(2)(1− q)
∏
P monic
irreducible
(
1− 1|P |(|P |+ 1)
)
+O((2q)g).
Putting together the equations (5.6) and (5.10) and factoring |D| we have that the proof
of Theorem 2 is complete.

Acknowledgments
I would like to thank Professor Jon Keating for introducing me to the subject and problems
tackled in this paper, as well as for his useful advice during the course of the research. I would
also like to thank Professors Brian Conrey, Zee´v Rudnick and Nina Snaith for numerous
interesting discussions.
The author also wishes to thank the anonymous referees for valuable comments and sug-
gestions that helped improve the presentation of the paper.
References
[1] J.C. Andrade and J.P. Keating, The mean value of L(1
2
, χ) in the hyperelliptic ensemble, preprint, August
2011.
[2] E. Artin, Quadratische Ko¨rper in Geibiet der Ho¨heren Kongruzzen I and II. Math. Z. 19 (1924), 153–296.
[3] J.B. Conrey, D.W. Farmer, J.P. Keating, M.O. Rubinstein and N.C. Snaith, Integral moments of L–
functions, Proc. London Math. Soc. 91(2005), 33–104.
[4] D. Faifman and Z. Rudnick, Statistics of the zeros of zeta functions in families of hyperelliptic curves
over a finite field, Compositio Mathematica 146(2010), 81–101.
[5] C. F. Gauss, Disquisitiones Arithmeticae, Engl. transl., (New Haven–London, 1966).
[6] J. Hoffstein and M. Rosen, Average values of L–series in function fields, J. Reine Angew. Math. 426(1992),
117–150.
[7] P. Kurlberg and Z. Rudnick, The fluctuations in the number of points on a hyperelliptic curve over a
finite field, J. of Number Theory, 129(2009), 580–587.
[8] R. Lipschitz, Sitzungber. Akad. Berlin (1865), 174–185.
[9] M. Rosen, Number Theory in Function Fields, Graduate Texts in Mathematics, vol. 210, (Springer–
Verlag, New York, 2002).
[10] Z. Rudnick, Traces of high powers of the Frobenius class in the hyperelliptic ensemble, Acta Arith.,
143(2010), 81–99.
[11] C.L. Siegel, The average measure of quadratic forms with given determinant and signature, Ann. Math.
45 (1944), 667–685.
[12] A. Weil, Sur les Courbes Alge´briques et les Varie´te´s qui s’en De´duisent (Hermann, Paris, 1948).
School of Mathematics, University of Bristol, Bristol BS8 1TW, UK
E-mail address : j.c.andrade@bristol.ac.uk
